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ON THE EXISTENCE OF GLOBALLY SOLVABLE VECTOR 
FIELDS IN SMOOTH MANIFOLDS 

JOSE RUIDIVAL DOS SANTOS FILHO AND JOAQUIM TAVARES 

Abstract. Let (M,a;o) be a connected paracompact smooth oriented mani- 
fold. We establish a necessary and sufficient conditions on an involutive sub- 
bundle of TM such that M becomes simply connected. 

1. Introduction 

It is well known that an obstruction to the existence of dim M — k + 1 real lin- 
early independent vector fields on an manifold M is in the fcth cohomology group of 
M, the so called fcth Stiefel- Whitney class. We mean that the fcth Stiefel- Whitney 
class being nonzero implies that there do not exist everywhere linearly independent 
vector fields. In particular, the dimMth Stiefel- Whitney class is the obstruction to 
the existence of an everywhere nonzero vector field, and the first Stiefel- Whitney 
class of a manifold is the obstruction to orientability. Thus if one wishes to as- 
sume a hypotheses of existence k linearly independent vector fields in an orientable 
manifold it certainly imposes the vanishing of such Stiefel- Whitney classes. But it 
is not evident that additional hypothesis of integrability and global solvability of 
the vector fields implies implies in the triviality of the all Ith cohomology groups 
of M for I > 0. In fact we can map M difeomorphically onto an open convex set in 
M dimM as we will see below. 

2. Solvability for Non Vanishing Real Vector Fields 

In this section we will consider a smooth manifold M endowed with a set £ = 
{Li, Lfc} of linearly independent real vector fields. We intend firstly to present 
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equivalent conditions to the simultaneous global solvability of the linear differential 
operators defined by these vector fields in a smooth manifold. First we now restate 
Theorem 6.3.3, Theorem 6.3.4, Theorem 6.4. 1 and Theorem 6.4.2 of [DH] in a set 
of equivalent conditions for the linear differential operator defined by a vector field. 
Let us denote by Ll the Lie derivative along the vector field L. We introduce a 
fixed orientation ujq for the manifold M in order to define the second order operator 
L 2 l oj = d (L[d (L[w)) acting in A dimM T*M to state in a more precise way the 
equivalent statement in Theorem 6.4.2 c) in [DH]. 

Theorem 2.0.1. Let (M, u>o) be a smooth positively oriented connected manifold 
and L a non vanishing real vector field on M. Then the following conditions (A), 
(B), (C), (D), (E) and (F) are equivalent: 

(A) L L (A dimM T*M) = A dimM T*M. 

(B) [L L + a] (A dimM T*M) = A dimM T*M for every a G C°°(M) 

(C) i There exist lo € A dimM T*M such that L| u = uj and 

(C) 2 ifoj = uuj then {p G M : u(p) < c} is compact for every c, 

( or (Cy 2 if (Pl(K) = U t eR<fL{t){K) then for every compact subset K C M the 
set {p G f(K) '■ u(p) < c} is compact.) 

(D) There exist a manifold Mo and an open neighborhood Mi of Mq x in Mo x R 
which is convex in the R direction, and a diffeomorphism M — > Mi which carries L 
into the operator d/dt if the points in M x R are denoted by (yo,t). 

(E) i No complete integral curve of L is contained in a compact subset ofM, 
(E) 2 for every compact subset KofM there exist a compact subset K' ofM such 

that every compact interval on an integral curve with endpoints in K is contained 
by K'. 

Proof. The equivalences (A), (B), (D) and (E) are merely restatement of Theorem 
6.4.2 in [DH], but changing C°°(M) by A dimM T*M plays some minors modifications 
in the proof. We begin the proof by making a apology for the modification of (C)2 
into (C) 2 - In the original construction in Theorem 6.4.2 in [DH], to show that (/) 
implies (c) it is taken u, a solution of L 2 u = f with / > in M and the solution u 
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in (e) is obtained taking 

u(y , t) = u (y ) + [ (t- s)f{y , s) ds 
Jo 

where uq G C°°(Mo) and Mo C M is an embedded submanifold transversal to 
ipi,(-,t), the flow. Thus beside taking / to be a positive function we must 
choose / such that it is not summable along any forward orbit of the L— flow 
and letting u becomes infinity outside arbitrarily larger compact subsets of M 
to achieve the alluded properties of u in M. This condition on uo is obviously 
an empty condition when Mo is compact and perhaps the the right statement of 
the condition (c) in Theorem 6.4.2 in [DH], beside the concavity of u with the 
respect to the L-flow, should be: (C)' 2 if <fi(K) = U te ^<pL (K,t) then for every 
compact subset K C M the set {p G ipL (K,t) : u{p) < c} is compact, added as a 
alternative in the theorem above. We mean that there is no need to take a special 
initial data uq to establishes the equivalences in Theorem 6.4.2 in [DH]. We believe 
that the original idea in [DH] was to provide elegance and succinctness but the 
intrusion of this independent condition in the statement may misguide the reader 
to look at grown conditions into a wrong place. When we change u G C°°(M) by 
ui = uloq G /\ dlmM T*M then derivative along L becomes L L (u>) = di[ w an d 

Li(MWo) = d (L[uuiq)) = Lucoq + ud (L[luo) = [Lu + eLu]u>o 

for some smooth function cl depending only on L and ujq. Thus a first order 
differential operator acting on the sections of /\ dlmM T*M. In following the same 
steps above we solve 

{L + c L fu = l 

so that along the L— flow u can not attain a maximum at any point of a orbit of 
L, unless it is constant over all integral curve since the maximum principle applies 
to this type of operators (see [B]). This will be enough to prove that (C)i implies 
(Ei) and ((7)2 implies (E 2 ). Also it is easy to see that (D) trivially implies (C)i 
and also (C)' 2 , because we can solve explicitly (d/dt + c) 2 = 1 since the solution of 
(d/dt + e)u = v with initial data i*e for i : M — > M x R with i(x, t) — (x,to), 



4 JOSE RUIDIVAL DOS SANTOS FILHO AND JOAQUIM TAVARES 

can be written down as u(x,t) = 

(ft— to \ rt—to / rs \ 

/ c(h + t )dh) / v(s + t ) cx.pl — / c(h + t ) d h I ds. 

We mean it will verify the property that for every compact subset K C M the 
set {p £ (Pl(K, R) : u(p) < c} is compact. We recall that the initial condition being 
arbitrary can be chosen to have the property of compactness of the sublevel sets in 
M . □ 

Before continue we must remark the the extraordinary semblance between this 
form of presenting global solvability for a real vector field in a manifold with the 
parallelization Theorem A in [GS] but, in the absence of a Riemannian structure 
or the necessity of emptiness of the critical set of u. 

We now intend to prove the analog of the Theorem 2.0.1. for a set of linearly 
independent vector fields {L 1; ...,L k }. We denote by £ the Lie algebra generated 
by {Li, ... 7 L k } and we assume involutivity(that is dim£ = dim£ p = k at every 
point p £ M). to do this we need to refine our concept of convexity. In the sequel 
for lu £ A dimM T*M we denote by C u (p) the level set {q £ M : u(q) = u(p)} and by 
C~(K) the sublevel set {q £ M : u(q) < sup peK u(p)}, where to — u ujq . 

Definition 2.0.2. Let (M,oj ) be a positively oriented manifold and is £ a finite 
dimensional lie algebra of vector fields in T M. We say that cu £ A dimM T*M 
is £— convex if L|o; is a positive multiplier of uj for every nonvanishing section 
L £ £. We define the £— convex envelope by 

where cu runs over all £— convex uj £ ^ dlmM T*M. We say that (M,wo) is strictly 
£— convex if K z n 0~(p) is compact for every compact subset and point p of M(in 
particular if K n O z (p) C int K\ n 0~{p) then K C int K\ when when strictly 
£— convexity holds.) 

We have learned in the previous Theorem that (M, uj ) is strictly £— convex if and 
only if every nonvanishing vector field L £ £ is globally solvable in A dlmM TM'. We 
which to find conditions on a generating set of nonvanishing vector fields {Li, L k } 
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to find a global diffcomorphism from M onto an open neighborhood of Mo x {0} C 
M x R k where each vector field Lj is corresponds via the diffcomorphism to d/dtj, 
being the corresponding orbits connected. 

Theorem 2.0.3. Let Q C TM be an involutive Lie algebra. If g admits a {Li, L^} 
of globally solvable vector fields then there exists another basis {d/dt\, d/dtk} 
such that M <— >• M fe x Mfe + i is an embedding where the image of each O a (p) is an 
open cell ofM. k convex in the directions of {d/dt\, d/dtk} ■ 

Proof. It is evident that one could perform induction on dim£ if at this step one 
can find a another nonvanishing vector field Lk+i G £ such that [d/dtj, Lfe+i] = 
for all j — 1, ...k, that is a vector field tangent to M . The projection d/dtk+i of 
ifc+i in TM fc ~Tlx M fc+ i holds the property (D) in Theorem 2.0. 1., thus being 
globally integrable and by construction {d/dtj,d/dtk+i} = for all j — 1, ...,fc. 
Besides that it remains in q p at every p £ M, being in this way a vector field in 
q which is globally integrable. This means that any orbit Os,{jp) is a complete 
intersection of homogeneous solutions of £u = 0. That is if we skip the tangent 
part to TE fe carrying Lk+i we obtain a nonvanishing vector field in TM which is 
also globally solvable in M . This enable us to write Mk+i = lx Mfc +2 by Theorem 
2.0.1. In this way Lk+i = d/dtk+i + Xk+2 where Xk+2 is tangente to TMfe +2 n£. 
Observe that there is only an one step application of Theorem 2.0.1 in the inductive 
argument in the proof. □ 

The map obtained maps diffcomorphically the orbits 0~(p) onto R fe and every 
smooth function in the ring „4~(M) C C°°(M) annihilated by £ leave a unique trace 
in M/0 £ . 

On the other hand the analogue of (Pl(K, R) is the set U p& k O z (p) and the analog 
condition now is to ask for sublevels of u to be compact in II -1 (11(7^)) = Li pe KOs,(p) 
where II : M — > M/0£ is the canonical projection onto the quotient space obtained 
from M by identifying the integral orbits of £ with points. Such quotient space is 
a Hausdorff space homeomorphic to the differentiable manifold M and the ring of 
smooth functions A s annihilated by £. In particular we should note that in the 
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proof of Theorem 6.4.1 that (c) implies (d) is as a consequence of the maximum 
principle along the orbits of L. Thus generalization of the argument holds for an 
higher number of vector fields thanks to the Bony's maximum principle for the sum 
of squares operator is sufficient to take A £ u — J2 L| j u > to implies that there 
is no compact orbit £ (p) for all peM. This suggest to introduce the condition 
(D) in the next theorem. 

Theorem 2.0.4. Let (M,wo) be an positively oriented manifold and £ a finitely 
generated Lie algebra by k— linearly independent vector fields {L\, ...,Lk}- Then the 
following conditions (A), (B), (C), (D) and (E) are equivalent: 

(A) L L (A dimM T*M) = A dimM T*M for every nonvamshmg L E £, 

(B) [L L + a] (A dimM T*M) = A dimM T*M for every a E C°°(M) and nonvamshmg 
L e £, 

(C) for every compact subset KofM there exist a compact subset K' ofM such 
that every compact interval on an integral curve of an nonvanishing vector field 
L E £ with endpoints in K is contained by K' , 

(D) for every nonvanishing vector field L and compact set K C M there exist 
uj E A dlmM T*M such that 1 L 2 L u:(p) is a positive multiplier ofuio(p) and C ul (p)nO s ' (p) 
is compact for every p E K . 

(E) there exist a manifold M and an open neighborhood Mi o/M x in M x 
R k and a differ entiable covering map $ : M — > Mi mapping each orbit £ (p) 
difeomorphically onto an open convex cell in {po} x R k for some po E M . 

Proof. By the previous Lemma we may assume that the generators are comutative, 
that is [Lj,Li] = for j, I E {l,...,fc}. The equivalence between (A),(B) and (C) 
are obtained directly from the previous Theorem 2.0.1, but we need explain how 
to proceed in order to set the other equivalences. To prove the equivalence of (C) 
and (D) we first observe that (C) implies that the union of all segments of integral 
orbits of any nonvanishing L E £ with endpoints in if is a bounded set indeed. 

On the other hand if (D) holds, for each p E dK £ there is a £— convex section 
lo E /\ dlmM x*M such that u(p) = max qG Ku(q) with oj = uuj and consequently 
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all compact interval of an integral curve of a nonvanishing vector field Lg£ with 
cndpoint in p and starting at some point of K is entirely contained in K 2, and 
consequently (D) implies (C) since every other such interval with endpoints in K 
is automatically in K~ . Now in order to prove that (C) implies (D) we use the 
hypothesis that there exists a generating set of linearly independent vector fields 
{Li, ...,Lk} C £ and we consider the map * : M — > K fc given by Vt'(p) = (t\, ...,tk) 
the k— solutions of Ljtj — 1, which when restricted to the orbits of £ is always a 
local diffeomorphism and in particular a locally convex open map. If we restrict 
\I> to the preimage II _1 (/C) for some compact subset of /C C M/C £ its become 
a proper map since by (C) the set \I> _1 (K) n II _1 (/C) for every compact subset 
K C K fc . It follows from the generalization of the Tietze-Nakajima theorem in 
[KB] that \I/(M) is an open convex subset of M. k with connected fibers (see [KB]) 
and lifting at H(p) the canonical frame {d/dti, ...,d/dtk} of TR fc by means of the 
diffeomorphism LI -1 : — > 0~(p) we obtain a new global frame of nonvanishing 
vector fields {L\, L^} of 

U pe *-i (K) T0 £ (p) 

such that [Lj,Li] = and Ljtj = 1. Now the intersection of the sublevel sets of 
QpoW = (*i(P) - *i0o)) 2 + • • • + (t fc (p) - tfe(po)) 2 with n-^/C) are compact for 
any selected point po € X. Also ^^(^(po)) nO £ (po) = Po showing that each fiber 
of ^'|n- 1 (/c) is homeomorphic to M/O - *-. Consequently we may think in n n -i/^) as 
an projection onto ^ (^(j>o)) and take advantage of its diffcrentiable structure. 
Thanks to the given orientation loo we can find a non vanishing differential form 
9 e A^^T**" 1 ^) suchthatd n*6»AdiiA---Adt k = being n*0AdtiA-Adt k 
a positive multiplier of u - Moreover the topological space M/C £ is paracompact 
so 1 ^>^ 1 ( 1 i'(po)) too. We can find a family of compact sets {IC a } of M/0 £ such 
that {int/C a } has the finite intersection property and in particular there exists a 
partition of unit {<j> a } C C (M/O £ ) ~ Co^" 1 ^^^))) subordinated to {IC a }, 
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where is the analogue of \1/ for K, a . Now consider 

u » = ex P ( A « Qp ° Q ) n*^ 61 " A dii A • • • A dt fe 

a 

where 6 a is the analogue of 9 for K, a and X a is a positive real number to be choosen. 
Then w is a positive multiplier of wo and for any nonvanishing vector field L = 
J2cjLj G £ we get L|w Q = 

fc 

53 2 [ H A «S% 2 + A « ( C J + ^j c j)] exp (A Q£- o )n*0 Q Q A d ti A • • • A d t k 

a j=l 

being equal to J2 a 2 Y^!j=i ^a°j n*^ a # a A d ti A • • • A d t k at po, a - Consequently for 
each a and \ a large enough such that [2A^ X^=i c j + Q (A Q )] > in finn _1 (/C Q ) 
for any open bounded connected set 17 C M. In particular for any compact subset of 
K C f2 if a segment of an orbit of L has endpoints in K then the entire segment is 
contained by C~{K) which intersection with every orbit of £ is compact. Thus (C) 
implies (D). That (D) implies (C) is trivial and we reached the fourth equivalence. 
In the next step we consider the multi-flow generated by the vector field above, 
that is the function 

$ : M — ► M/C £ xl l ~ * _1 (*(p )) x R k 

defined by $(p) = (TI(p), <£ Ll (p), ...<^z, fe (p)) = (II(p), *(p)) , where p € M is fixed. 
The map is well defined since [Lj,L{\ — for every 1 < j,l < k and it is a local 
diffcomorphism being it when restricted to any orbit of £ a global diffeomorphism 
since there exist only one point at ^^(^(po)) H £ (p). The remaining convexity 
in the statement is a direct consequence of the fact that when <j> is restricted to 
II (II(/C)) for some compact subset IC C M./O satisfies the hypothesis of the 
generalized Tietze-Nakajima theorem in [KB]. The final step is trivial since the 
projection W has convex image. □ 

Once the conclusion that ^I'(n~ 1 (/C)) is a open convex subset of R fc then it follows 
from Corollary 2.1.26 in [H] that there exist a locally convex nonconstant function 
defined in 5'(n _1 (/C)) with compact sublevels. So the proof can also follows taking 
the composition of ^ such convex function. 



GLOBALLY SOLVABLE VECTOR FIELDS IN SMOOTH MANIFOLDS 9 

When one can find a set of functions Zi, ZdimM-fc in A (M) with with linearly 
independent differentials we say that £ is globally integrable. The condition of £ 
being globally integrable and globally solvable imposes a topological condition on 
M. We mean the pull back of dZi A • • • A dZdi m M-fc to any fiber of '5 cannot 
vanishes so the fibers of \f are not compact. In particular when k — dimM — 1 the 
fiber cannot be homeomorphic to S 1 . For example for M = M 2 \ {(0, 0)} the radial 
vector field d/dr is globally solvable but not globally integrable because the fibers 
of r are compact subsets of M homeomorphic to S 1 . 

Corollary 2.0.5. If (M, ujq) is an manifold and £ is a Lie algebra generated by 
k— linearly independent vector fields, each one globally integrable and globally solv- 
able. Then there exist a diffeomorphism <!> between M and an open convex subset 
o/K dimM . 

Proof. Take uj = d Zi A • • • A dZdi m M-fc A t\ A ■ ■ ■ A dtk with the tj's as in the 
previous theorem for the orientation of M to define the function "J. Then 

$(p) = (n(p),*(p)) = (Zl(p),...,ZdimM-fc(p),tl(p),...,tfc(p)) 

fulfill the requirements for the covering map. Suppose that the cardinality of the 
fiber <&(tE> — 1 (pq)) is greater than one. Since the fibers of \I>|k; are connected for 
every compact subset JC C M/0 £ ~ 5 ,_1 ( v E'(]3o)) it follows that there exist a regular 
curve 7 C 5 ,_1 ( v E'(]3o)) linking p to a distinct point in ^~ 1 (^(p j). The function 
exp(AQp o (pj) = cxp(AJ]f™ M_fe (Z;(p) — Z;(p )) 2 ) attains minimum equal one at 
the boundary of 7 and thus it must exists a point of maximum at the interior of 7. 
Set 7' = ^^™ M ~ fe biMi ^ to compute the second derivative of Qp g as is 

dimM— & 

2 E A 2 (M 7 )(Z,(7) - Z,(Po)) 2 + A[6 2 ( 7 ) + MMlKZjh) Zi(Po))] > 

for large A since 7 is compact and consequently sup pg7 Qp (p) = max pe g 7 Qp o (p) 
showing that Z = (Zi, ZdimM-fe) is a convex map with respect to the orbits of the 
vector fields M = X]j'™ M ~ fe AjMj, with Aj G M. and Qp o is a strictly convex function 
with respect the same orbits. This is a contradiction leading to the conclusion 
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that there exist only a point in $ _1 (po) and therefore a global diffcomorphism. 
In particular the frame {M 1; M<ji m M-fc} is globally solvable and mapped by Z 
in {d/dZii 9/9Z(ji m M-fe} and the image of Z is a product of open intervals in 
R dlmM_fc . Since we already know that the image of \t is convex we reached the last 
step in the proof. □ 
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